1.
Introduction. In (l) Dvoretsky proved, using very ingenious methods, that every centrally symmetric convex body of sufficiently high dimension contains a central i-dimensional section which is almost spherical. Here we shall extend this result (Corollary to Theorem 2) to ^-dimensional sections through an arbitrary interior point of any convex body.
In a survey article (2) , Dvoretsky mentions the possibility that every centrally symmetric convex body of sufficiently high dimension has almost all, in the sense of Haar measure, of its ^-dimensional central sections almost ellipsoidal. However, this was shown not to be so by Straus (3) who mentions that the problem is not well posed in that ellipsoidality is an affine invariant whilst the Haar measure of its ^-dimensional central sections is not. Dorn(4) overcame this objection by standardizing a centrally symmetric convex body by first mapping its Lowner ellipsoid onto the unit ball by a non-singular affine transformation. However, Dorn's results are weakened by the strong assumption that the centrally symmetric convex bodies should have unellipsoidality bounded above by some constant. Here, (Theorems 1 and 2) we shall eliminate this assumption. We shall not, however, standardize by the Lowner ellipsoid, but instead use an ellipsoid which is more appropriate to the simultaneous existence of almost spherical sections and projections of convex bodies. We mention that it would be sufficient to use the Lowner ellipsoid if we were only interested in almost spherical sections. Our methods will also prove (Theorem 3) an extension of a result of Dvoretsky [(2), Theorems 2, 4, 5] . A simpler proof of Dvoretsky's theorem has recently been given by A. Szankowski (7) . If C is a convex body, not necessarily centrally symmetric, and p any interior point G then a standard transformation of C with respect to p is defined as a standard transformation of c n (2p -C).
Let M nk be the Grassmann manifold of all ^-dimensional subspaces of E n , and V nk the Stiefel manifold of all orthonormal ^-frames in E n . Let (i nk be the Haar measure in M nk . If C is a convex body in E n and E an element of M n k , let C\E denote the orthogonal projection of C onto E. If we do not mention the centre of a symmetric body C in this paper, it is always understood to be the origin of the space containing C. (S n~1 ). We also define <M) = ii^E-.EeM^t, E n 0»-i < = A}.
Theorems and
For t ^ 0, let ^4 t be the set of all points on S™-1 whose geodesic distance from A does not exceed*.
We state, without proofs, five lemmas established in (1 . Then 0 < y n (C) ^ 1. We note that if C* is the polar reciprocal of C then y n (C*) = y n (C). On the other hand, if we put
where y N = y N (C). Then every standard transformation T ofE N carries C into a centrally symmetric convex body T(C) with the following properties
we have lim v nl {A(r'n)) = 1. (A(C,r) )^t for r < R(C,t),
Let T c be a standard transformation for C and, for 0 < 8 < 1, let
where the supremum is taken over all centrally symmetric convex bodies G in E n and all standard transformations T c of C.
hmn-iR n (8) = 0.
n-*oo 4 . Proofs of Lemmas 7 to 10.
Proof of Lemma 7. Let T be a standard transformation of C and, for ease of notation we identify C and T(C) and have
As y N is minimal there exist points a 1; -a x on the boundary of both C and y N NiB N . We proceed by induction and suppose, for m < n, we have constructed points ± a f in C for 1 < i < TO-1 such that (a^a^-) = 0 for i =( = j and ||a f || ^ ^y^iVi. We may assume that a f = a f e.^, where e f is the ith coordinate vector in E N and a f ^ £yjv-^- We choose a, ft > 0 so that /? _ 4m
and consider the ellipsoid E(a, ft, e), e > 0, (l+e)-(a;f+...+x^_ 1 ) + ( l + e^(^+ . . . + a ; | / ) < l .
We shall show that there exists e 0 > 0 such that for all e < e 0 ,
For suppose that (4) As (1) and (7) are contradictory we deduce the validity of (4). Now, for 0 < e < e 0 , consider the ellipsoid F(a, /?, e), denned by 
By using (8) and (9) 
.
As m sg n = [p] where p is the positive root of 
So, combining (12) and (13), iy N M ^ z.
Hence 0 contains the point a m say whose mth coordinate is %y N Ni and the rest are zero.
Repeating this construction for m = 1, ...,n we obtain 2n points + a 1; ..., + a n , a f having the fth coordinate equal to %y N Ni and the other coordinates equal to zero. So C contains a crosspolytope of dimension n, with vertices ±a 1 ,..., ±a n and
Hence, taking the polar reciprocal C* and multiplying by y N N& we conclude that (iii) holds.
As y N (C) = y N (C*) we can construct points ± b it i = 1,..., n such that <b i( b 3 ) = 0 for i 4=j and j|t>^|[ = %y N Nt, in y N NiC*. So, multiplying the polar reciprocal ) -1^ of y N NlC* by y iV M we deduce that (ii) holds.
Proof of Lemma 8. The details of the proof will be similar to those used by Dvoretsky (l), Theorem 3B. However, the aims of Theorem 3B of (l) were different and the numbers used in the proof were also different. So we feel it necessary to repeat the somewhat Then, on the unit sphere ^S™" 1 an element of (n -1 )-area is given by dA n _ x = (ddj) (cos ^^a For TO large enough the definitions of r' n and h n imply that 1 log TO -(j -\e) log log TO)
Now using (18) for k = 1 we obtain, for TO > TO(e), 
and so, using (26), (/(w))*" 1 > Pm (27) for w > n(t),j) say. So that if y e 2}(2) we obtain from (18) and (27), for n sufficiently large. The estimates (24), (25) and (33) establish (21). The second part of Lemma 8 now follows easily from (21). Given 6,0 < 6 < 1 we choose 7/ so large that 1 -e~i ^ 6 + 2(1 -#)/3, and then k so large that Now, fixing rj, k we have, using (21), for j = 1, ...,k, But then, using Lemma 9, with a = 2/e, (S = | e w e conclude that v nal (Q n J -> 0 as cr ->• oo, which contradicts (38) and completes the proof of Lemma 10.
5.
Proof of Theorem 1. For each centrally symmetric convex body C in E n let 2^ be the associated standard transformation. The lemmas we have established will now allow us to argue in the same way as Dvoretsky [(l), Theorem 4] . For ease of notation we identify C and T C (C) in E n and use
A(r) = A(C,r), D(r) = D(C,r), R{t)=R{C,t).
We first show that for 0 < S < % and for n ^ N^(e, 8) 
where r(e) = t(e)/R(%) and t(e) is a positive number depending only on e. Also, using Lemma 10, n~iR{\) -> 0 uniformly with w.
If we apply Lemma 1, using (43), we obtain Again we shall suppose t h a t (46) is false and show that a contradiction arises for large n. From (41) and Lemma 3 we deduce that
where r(e) = t{e)jR{\) and t(e) is a positive number depending only on e. Using (48) in Lemma 1,
Using (44) we see that (47) and (49) are contradictory for n sufficiently large, which establishes (46). So, from (40) and (46), there exists ^( e , 8) such that
provided n ^ N s (e, 8 where r(e) = t(e)jR{\) and t(e) is a positive number depending only on e, we have, using Lemma 2, Lemma 10, and (50), for all w ^ i^3(e, 5, i), say. As 8 <\, this inequality is contradictory for n ^ ^( e , 5, k). So we conclude that H n ^ ^3(e, *,*). (52) and (53) n be a convex body, containing the origin in its interior. We set cr n (C) = C n (-C) and then crjfi) is the largest body contained in C, which is symmetric about the origin.
For x e S™" 1 we denote by 7T c (x) the point on bd C which is contained in the ray pos x. We set Proof. We want to show that satisfies the conditions of our lemma. Let C <= E n be a convex body with 0 e int C, and let B c E n be a ball of radius p > 0, such that
We suppose that there exist points x e r n (C) and y e S^1 such that the spherical distance between x and y is at most 8, and b o (y) > A. Set x' = n c (x), y' = 7T c (y). Since B <= cr n (C) <= C we have and, therefore, || y'|| 5= Ap. As x belongs to r n (C), the point x' lies in <r n (C), and we find llx'ii < -£-Pil ^ 1 _ 8 .
